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General Instructions

Reading time: 5 minutes

Working time: 3 Hours

Write using a black or blue pen

Board approved calculators may be

used

» Laminated reference sheets are
provided

e Answer mulliple choice questions by
completely colouring in the appropriate
circle on your muitiple choice answer
sheet on the front page of your answer
booklet.

e In questions 11-16 start all questions

on a separate page in your answer

booklet and show all relevant

mathematical reasoning and/or

calculations.

Section 1 (Pages 2-5)

Section 2 (Pages 5-13)
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10 Marks

o Attempt Q1 - Q10
e Allow about 15 minutes for this section

90 marks

e Attempt Q11 - Q16
o+ Allow about 2 hours and 45 minutes for
this section

Page 1



Section 1 (10 marks)

Allow about 15 minutes for this section,
Fill in the appropriate circle in your answer booklet.

1. Given that z= 1+ i, what is the value of zE?

(A) - 16 (B) ~ 8 (C) 8 (D) 16

2. Consider the Argand diagram below.

I

A

Which inequality could define the shaded area?
(A) 05 |z<2

By 1=]z|s 2

(C) 0= |z-1]< 2

D) 1< |z-1]|< 2

3. The equation x4+ px+qg =0 ,where p # 0and g #= 0 has roots
a,B,yand 6. What is the value of o' + g% +y* + 58" 2

(A} - 4q (B) p*-24 (C) p'-29 (D) p'
Y , , dy .
4, When x~ = e is implicitly differentiated with respect to x , the result for E— is
X
—~y ¥ —-x log, x x log, x
() x log, x (8) x log x () ¥ (D)
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[E]

[E8)
—

5. Which of the following is an expression for J —dx
. 1+smx

X
after the substitution ¢ = tanE ?

0

f 1 Py Lo )
(A) o 1+ 2t - (B) J 1+ 2t de © L (1+f)2 a ©) L(1+I)2 a

6. What are the equations of the directrices of the hyperbola with equation

xZ 2

S A

144 ~ 25

A . — il‘?""‘ B — :|:1_3. (C PR :I:E D — :E}ﬁ
A x==277 B x==7 ) x¥=E3 (B) x= +73

T
7. Theregion enclosed by y=sinx,y=0andx = 3 is rotated about the y-axis

to produce a solid. What is the volume of this solid using the method of cylindrical shells?

(D) 21 cubic units

T 31
(A) m cubic units (B) ) cubicunits  (C) Ty cubic units
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8. The graph

of y= 45" - xtis given below.

The region in the first quadrant bounded by the curve y = 4x* —x* and the X-axis
between x = () and x = 2 is rotated about the y-axis .
Which of the following is an expression for the volume, ¥, of the solid formed?

~4
(A) V=2m| Jd—-y dy
‘0

~4
(B) Ve=AdAm| Jd~y dy
Y0

(C} V=2=8n

~4
Jd—y dv
0

4
(D) V= 1611J Jad—ydy
0

9. A wheel of radius 2 metres rotates at 1200 revolutions per minute,
What is the tangential velocity of a point on the wheel?

{A} 40 m/s
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(B) 80 m/s (C) 251 m/s (D) 260 m/s




10. A particle of mass m is moving horizontally in a straight line. Its motion is opposed

by a force of magnitude Zm(v + vz] Newtons when its speed is v m/s. At time
t seconds the particle has a displacement of x metres from a fixed point O on
the line and velocity v m/s.

Which of the following is an expression for x intermsof v ?

R
W -7 T34
(®) 2 v(1+v)v

BT
© 7] 7

2) v+
Section 2

Question 11 (15 marks)

a. z=p+ 2i, where pisareal number, and w = 1- 2 represent two complex numbers.

{i} Find Zinthe form a + ib ,where a and b are real numbers.
W

(ii) Given that Lv‘ = 13, find all possible values of p .
1

b. ==1-31

(i} Find the values of [z[ and argz.

(i} Find the exact value of °.

c. (i) On an Argand diagram, sketch the [ocus of z represented by [z~ 3}= 3.
(i) Explain why arg (z- 3)=2argz.

d.if 2+ i isarootof P(x)=x*- 63 + 9x° + 6x - 20, resolve P(x) into

irreducible factors over the complex field.
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Question 12 (15 marks)
a. Find

dx
2 - cosx + 2sinx

(3]
5

(ifi) j sec’ 20460
]

b. (i} Find real numbers a, b, ¢ and d such that:
5x® - 3%+ 2x -1

a cx+d
= -4
xz[x2+1) X 2

x+1
5x° = 3x% + 2x -1
{ii) Hence find Y

x° [xz + 1)

b
5+
X

(2}
c. The diagram shows the region enclosed by the curves y =x + landy = (x - 1]2 :
The region is rotated about the y -axis.

Find the volume of the solid using the method of cylindrical shells.

(3]




Question 13 {15 marks)

d.

N

In the diagram, MAN is the common tangent to two circles touching internaily at A.

B and C are two points on the larger circle such that BC is a tangent to the smaller circle
with point of contact at D. AB and AC cut the smaller circle at E and F respectively.

{i} Copy or trace the into your answer booklet.

(if) Show that AD bisects £BAC (4]
2 yz
. i th ti — + = =1,
b. An ellipse has the equation 100 + 75 1
(i} Sketch the curve, showing the coordinates of the foci and the equations of the directrices. (2]
- i : . 1
(ii} Find the equation of the normal to the ellipse at the point P| 5, 7 5] (2]
(iii} Find the equation of the circle that is tangential to the ellipse at Pand 0| 5, - 75 . (3]

c
c. (i) Show that the tangent to the curve xy = ¢ at T{c!, ?] is given by

X+ tzy = 2¢t (2]
(if) The tangent cuts the X and y axes at 4 and B respectively.

Prove that T is the centre of the circle that passes through O, Aand B

where O is the origin. (2]
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Question 14 {15 marks)

a. {i) Prove that Jf(x] dx = J Sfla-x)dx.
0 0

2

(i) Hence, find the value of J x(2- ,\—]5 dx .

0
1
2
b. Giventhat [, ., = J "+ 1o dx , where 71 is a positive integer,
0
(i) Show that [, ,, = Se- nl, .

1
5 _2
(i) Hence, or otherwise, evaluate | x” e* dx .
0

3
c. (i) Use the binomial theorem to expand (cos@ + isin&) .

{ii} Use De Moivre’s Theorem and your result from (i) to prove that

CO.S'3 & *1(:05 34 +§cos &
T4 4 '

{iii) Hence, or otherwise, find the smallest positive solution of

4605319 - 3cosf =1

(1]

[2]

(2]
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Question 15 (15 marks)
a. A mass of m kgat P is suspended by a light inextensible string from point O .
It describes a circle with a constant speed in a horizontal plane whose vertical

distance below @ is / metres.

P
vi
g
(i) Show that w = % . (2]
{if) What is the period of the motion? (1]
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H

S

.

¥ ground

From a point on the ground an object of mass m kg is projected vertically upward
with an initial speed of u. The object reaches a maximum height of H before
falling back to the ground. The resistance to motion is equal to mkv® and g isthe

acceleration due to gravity.

. 1 g+ ku’
(i} Show that H = o ln[ p } (2]

(i) P isa point at height /4 above the point of projection.

Let ¥ be the speed of the object at P on its upward path when x = /1.

1 y + foul”
Show that / == In| £ “2 . (2]
2k g+ kv

(iii) During the downward path of the object it passes through P with

half the speed of when it was firstat P .

Show that 7 =

3g
" (3]




/ Cross-section
of road

Yiig

A road contains a bend that is part of a circle of radius, r. At the bend, the road is
hanked at an angle of « to the horizontal. A car travels around the bend at constant
speed, v. Assume that the car is represented by a point of mass m , and that the forces
acting on the car are the gravitational farce mg, a sideways frictional force

F {acting down the road) and a normai reaction N to the road.

{i) By resoiving the horizontal and vertical components of force, find expressions for

Fcosaand Fsina | (2]

2
mlv™ - grtanca
(V' -g JCO

{ii) Show that F = p

sa. (2]
{iii} Suppose that the radius of the bend is 200 metres and that the road is banked

to allow cars to travel at 100 km/h with no sideways friction force. Take g = 9.8 ms”

Find the value of a. (1]

Page 11
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Question 16 {15 marks)

a. P(x)is a polynomial of degree 5 such that P(x) - 1 is divisible by (x - 1)3 and P(x)

itself is divisible by 2 . Derive an expression for P(x). (3]

b. {i) The diagram below shows a trapezium ABCD whose parallel sides
AB and DC are 9 metres and 13 metres respectively.
The distance between these sides is 4 metres and 4D = BC |

EF is parallel to 48 and the distance between them is /# metres.

D\ 13m Cx
{
A 1 !
\ 1 /7 dm
*\ %Iz m # |
\ ' f \ Figure not
4 9m B to scale
Show that £F = (9 + /i) metres | 2]

{iiy The trench in the diagram below has a rectangular base with sides 9 metres
and 3 metres. Its top is also rectangular with dimensions 13 metres and 5 metres.

The trench has a depth of 4 metres and each of its four side faces is an

isosceles trapezium.

/ 3 m Flgure not o scale

o

9m

Find the volume of the trench. (4]

Question 16 continues on Page 12
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c. (i} Show thatif y = mx + & is a tangent to the hyperbola xy = ¢ ,
then k2 + 4mc® = 0 . 3]
(ii} Hence, find the equations of the tangents from the point (- 1, = 3]

to the rectangular hyperbola xy = 4 and find their points of contact. [3]
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